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A systematic search for the global minimum structures of neutral cesium clusters with up to 20 atoms is
performed utilizing a density-based genetic algorithm within density-functional theory in a scalar-relativistic
pseudopotential formalism. The transition from two- to three-dimensional structures is found to be ambiguous
and no unique growth pattern could be identified. Previously proposed icosahedral structure growth could not
be verified within this size regime. Using a calibrated static dipole polarizability for atomic cesium to density
functionals, the evolution of this property with increasing cluster size is discussed and compared to other
alkali-metal clusters. For each cluster size, electronic properties are calculated and compared to available
experimental data, and the extrapolation to the bulk limit is discussed.
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I. INTRODUCTION

Clusters of the first main group elements represent the
simplest metal clusters to be studied theoretically due to their
basic electronic structure involving only valence s electrons
with a core that is only slightly polarized. They have there-
fore been used as an ante-type system for understanding size
dependencies of electronic effects in metal clusters. Indeed,
the synthesis of sodium clusters by Knight et al.1 and de
Heer,2 the detection of an electronic shell structure, the mea-
surement of their static electric-dipole polarizabilities,3 and
their interpretation in terms of the jellium model4,5 can all be
regarded as one of the causes that generated extensive re-
search in metal cluster physics. Alkali-metal clusters are
among the most polarizable elements,6 and Knight et al.,1

who pioneered the experimental work on sodium clusters,
revealed that polarizabilities slowly decrease towards the
bulk limit as the cluster size increases.

Cesium enjoys a rather exceptional position within the
group 1 elements. It has the largest polarizability and small-
est ionization potential as relativistic corrections �decrease in
the polarizability by 16% and increase in the ionization po-
tential by 3.8%7� are not quite large enough to reverse the
trend down the Periodic Table.8 This happens at francium, in
contrast to the group 11 elements where already at gold rela-
tivistic effects are so large to reverse major trends in elec-
tronic properties.9,10 In comparison, electron correlation from
the 5sp core decreases the polarizability by 4%.11 This
unique position is also confirmed by substantial experimental
and theoretical studies on the polarizabilities and structural
properties of homonuclear and heteronuclear lithium,12–24

sodium,1,3,6,13,15,20,25–35 potassium clusters,20,36–39 and ru-
bidium clusters40–42 to quote some. To our knowledge there
is, however, only one theoretical study on polarizabilities of
small neutral cesium clusters, and experimental measure-
ments for this property are not available. Moreover, experi-
mental or theoretical data on structural and physical proper-
ties of small cesium clusters are very scarce.43–45

Regarding the atomic polarizability of cesium, Hall and
Zorn46 deflected a velocity-selected cluster beam via an in-

homogeneous electric field and probed �63.3�4.6� Å3,
Molof et al.,47 who utilized the E-H-gradient balance tech-
nique, obtained �59.6�1.2� Å3, and most recently, Amini
and Gould11 measured �59.43�0.08� Å3 also via beam de-
flection. Lim et al.48 applied the Douglas-Kroll-Hess
coupled-cluster with single and double substitutions includ-
ing perturbative triples �CCSD�T�� method and report a po-
larizability of 58.69 Å3. Derevianko et al.49 calculated
59.49 Å3 by utilizing a relativistic single-double all-order
method and report discrepancies to experimental results for
atomic polarizabilities of sodium, potassium, rubidium, and
cesium of less than 2%. It is also noteworthy to mention a
few measurements and calculations of Stark shifts and life-
times, which are reported in Refs. 50–55, spectroscopic data
for dimeric cesium,56–59 photoabsorption spectra,60–63 and
photodetachment spectra for small cesium clusters.64–66 The
electron affinity of atomic cesium is also discussed in a re-
view of Andersen et al.67

Regarding cluster studies, Gspann68 synthesized large ce-
sium clusters with up to 2500 atoms per cluster from pure
vapor expansion and investigated their velocity distributions.
Martin and co-workers69 observed electronic shell structures
in heteronuclear Cs-O clusters. Krauss and Stevens45 calcu-
lated the polarizabilities of cesium cluster chains with four
and six atoms, respectively, and also employed a rhomboidal
�Cs4� and a planar triangular �Cs6� geometry. They utilized
pseudopotentials at the Hartree-Fock �HF�, configuration in-
teraction �CI�, and Moller-Plesset �MP2/MP4� levels of
theory and found the chainlike structures to exhibit markedly
higher polarizabilities as expected. Geometric and electronic
structures of neutral Csn and CsnO clusters, up to n=70,
obtained by means of a density-functional-theory �DFT�-
based spherical average pseudopotential method are dis-
cussed by Borstel and co-workers.70,71 Using a many-body
potential based on local-density calculations, Blaisten–
Barojas and co-workers72 calculated the geometry of neutral
Na, K, Rb, and Cs clusters with up to 310 atoms. Their
potentials were satisfactory in describing the structural prop-
erties of the respective bulk metals. Furthermore, they stud-
ied the dynamics of fission mechanisms and summarized that
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the cluster size at which multiply charged clusters undergo
fission strongly depends on the temperature. In a similar
fashion, Lai et al.73 used a Gupta-type many-body potential
to account for the interactions between alkali-metal clusters
and employed a genetic algorithm and a basin hopping
method to locate the global energy minima of clusters with
up to 56 atoms. They report identical global minimum struc-
tures for the alkali-metal clusters independent of the search
algorithm and describe the growth pattern of neutral Na, K,
Rb, and Cs clusters as icosahedral-like. It should be men-
tioned that they find overall, with only few exceptions, iden-
tical global minimum structures for all four monovalent
metal clusters. However, the Gupta potential does not per-
form well for the energetics of small clusters, as it does not
describe many-body effects correctly.74 Employing all-
electron CI, MP2, and DFT levels of theory, Maity and
co-workers75 studied the geometric and electronic properties
of neutral and singly positively charged cesium clusters with
up to ten atoms. They conclude that Cs7 adopts a three-
dimensional �3D� structure whereas the smaller clusters
adopt planar geometries and obtain satisfactory agreement
between experimental and calculated vertical ionization po-
tentials �VIPs�.

Our theoretical study on small neutral cesium clusters is
mainly motivated by the lack of published accurate elec-
tronic properties such as the dipole polarizability and also by
the shortcomings of previous models used.74 The only theo-
retical disquisition on the static electric-dipole polarizability
of cesium clusters45 dates back to 1989, where only Cs4 and
Cs6 clusters were considered. Moreover, independent of the
model used to describe the bonding in clusters, one of the
prime objectives is to find the geometrical arrangement of
atoms that corresponds to the lowest potential energy on the
potential-energy surface, i.e., the most stable �global mini-
mum� structure. In the work by Lai et al.,73 an unbiased
search for the global minimum structure was undertaken;
however, we believe that the employment of empirical po-
tentials based on bulk data will essentially favor a maximum
number of close atom-atom contacts and thus compact struc-
tures. For example, we expect that Cs3 undergoes a Jahn-
Teller distortion like all the other lighter alkali metals,76

which is a manifestation of the importance of many-body
effects.74 Furthermore, we are interested in the convergence
of electronic properties for clusters to the bulk limit.

In this paper we present a concise theoretical study of
predicted global minimum structures of neutral cesium clus-
ters up to 20 atoms by employing our density-functional-
based genetic algorithm code and discuss the static electric-
dipole polarizability together with other electronic and
geometric properties as a function of cluster size. Further-
more, we provide solid-state calculations of cesium to verify
the validity of our extrapolated value for bulk properties of
cesium.

II. COMPUTATIONAL METHODS

The predicted low-spin global minima—all structures are
singlet states for even-numbered clusters and doublet states
for odd-numbered ones—of cesium clusters �Cs2–20� were

obtained utilizing our genetic algorithm code as described in
detail in Ref. 77. The initial populations of clusters with up
to six atoms were generated randomly, whereas those for the
larger ones, typically ranging from 10 to 12 different struc-
tures, consisted of both randomly generated structures and
predicted low-lying minimum structures of sodium clusters
from the literature.33,35 The minimum-energy difference �iV
was set to 0.002 eV. Shortest �dmin� and longest �dmax� bond
distances were fixed at 2.8 and 8–10 Å, respectively, and
the mutation probability was set to 10%. All structures in the
initial population were relaxed into their nearest local mini-
mum using local spin-density approximation DFT according
to Slater’s exchange and the correlation functional of Vosko,
Wilk, and Nusair �SVWN� with the Los Alamos minimum
basis set and corresponding shape-consistent scalar-
relativistic pseudopotential for cesium as implemented in the
GAUSSIAN03 program package.78

As this search is very computer time intensive for the
larger clusters, in general, the only termination criterion for
the genetic algorithm was 150 mating and local minimization
steps for clusters up to ten atoms and 100 steps for the re-
mainder. Despite this fixed termination criterion we are quite
confident that we have found global and low-lying local
minima with a very high probability. This is so because there
is clear evidence that each respective population is converg-
ing toward the predicted global minimum structures of this
work and because we tested our genetic algorithm approach
for copper nonamer isomers and obtained the same geomet-
ric and energetic patterns for isomers for numerous runs of
the algorithm.77 Furthermore, our approach resulted in a
number of other and more stable isomers of small tin
clusters.79

Depending on the cluster energy distribution, the energeti-
cally lowest-lying six to ten isomers obtained by these means
were then further optimized using the LANL2DZ valence
basis set and corresponding pseudopotentials. Four to six of
the energetically lowest-lying stationary points obtained by
this procedure were then further optimized using the more
accurate Stuttgart valence basis set �8s8p2d1f� derived from
Ref. 48 together with a small-core energy-consistent scalar
relativistic pseudopotential for cesium, which leaves the in-
nermost 46 electrons in the core. Finally, a harmonic vibra-
tional analysis was performed for all clusters in order to dis-
criminate between minima and possible transition states on
the potential-energy surface. All reported properties were
calculated based on these structures. For the exchange-
correlation potential, the generalized gradient approximation
�GGA�, according to the parametrization suggested by
Becke80 and Perdew81 �BP86�, was applied in a self-
consistent fashion. No symmetry constraints were applied
during the optimization procedure.

In Fig. 1, calculated atomic polarizabilities for a variety of
different exchange and correlation functionals are compared
to the experimental value of 59.43�0.08 Å3 by Amini and
Gould11 and to a recent accurate coupled-cluster �CCSD�T��
calculation employing a relativistic Douglas-Kroll-Hess
�DKH� transformation �58.69 Å3�.48,82 Here we used a vari-
ety of different functionals, i.e., the local spin-density ap-
proximation �LSDA� using Slater’s exchange and the SVWN
correlation functional; a later variant of this local correlation
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functional �SVWN5�; gradient-corrected functionals such as
Becke’s 1988 exchange functional; the correlation functional
of Lee, Yang, and Parr �BLYP� including both local and non-
local terms; Becke’s 1988 exchange functional and the cor-
relation functional of Perdew �BP86�; Perdew and Wang’s
1991 �PW91� exchange and correlation functional; the 1996
exchange functional of Perdew, Burke, and Ernzerhof �PBE�
and respective correlation functional; hybrid functionals con-
taining exact exchange such as Becke’s 1996 functional
�B1B95�; a similar hybrid functional as implemented by
Adamo and Barone employing modified Perdew-Wang ex-
change and Perdew-Wang 91 correlation �MPW1PW91�; the
1997 functional of Perdew, Burke, and Ernzerhof �PBE0�;
Becke’s 1993 functionals using the nonlocal correlation pro-
vided by Lee, Yang, and Parr �B3LYP�; the nonlocal corre-
lation provided by Perdew in 1986 �B3P86�; and the nonlo-
cal correlation provided by Perdew and Wang in 1991
�B3PW91�.78 Clearly, the BP86 exchange-correlation poten-
tial within the GGA, combined with the extensive Stuttgart
valence basis set and pseudopotential for cesium, gives ex-
cellent agreement with the aforementioned experimental and
calculated results.

For the bulk calculations, we performed density-
functional calculations using a plane-wave basis within the
projector augmented wave �PAW� method83 as implemented
in the Vienna ab-initio Simulation Package �VASP�.84,85 Un-
fortunately, Becke’s 1988 exchange functional and the corre-
lation functional of Perdew �BP86� is not implemented in
VASP and we therefore modeled the exchange-correlation
contribution to the total energy using the PBE and PW91
functionals.86,87 For comparison, some calculations were car-
ried out within the local-density approximation �LDA�.88 The
plane-wave cutoff for the wave-function expansion is 400
eV. The Brillouin zone was sampled by 6�6�6 k points.
For all solid-state calculations we adopted the experimentally
found crystal structure of bulk cesium, which is body-
centered cubic �bcc, Im3m�. The crystal properties such as
the lattice constant a, cohesive energy Ecoh, and bulk modu-
lus B were obtained by fitting the total-energy values for

different volumes of the crystal to the Murnaghan equation
of state.89

III. RESULTS AND DISCUSSION

A. Structural data

Figure 2 depicts the predicted global minimum structures
of neutral cesium clusters with up to 20 atoms and their
energetically close-lying isomers. As can be seen from the
relative energies �see Table I� of the respective isomers, a
clear distinction between the global minimum and low-lying
isomers cannot always be made. The relative total-energy
difference between the cesium hexamer isomers �Cs6_0 and
Cs6_1�, for instance, adds up to only 0.002 eV, which is
clearly too small to appoint either of them as the global
minimum structure of Cs6. It is interesting that for the clus-
ters Cs3–Cs6 linear structures are true local minima, with
alternating bond lengths for the Cs4, Cs5, and Cs6 isomers.
While the relative energy difference for the linear tetramer to
the parallelogram �Cs� is a marginal 0.05 eV that of the linear
hexamer compared to the tricapped triangle �D3h� is already
0.4 eV. The transition from planar �two-dimensional �2D�� to
3D structures is ambiguous but most probably occurs at clus-
ter size 7. This is so, because the pentagonal bipyramid
�Cs7_0 ,D5h� is energetically more stable than the bicapped
planar trapezoidal structure �Cs7_2 , Cs� by 0.305 eV. In con-
trast, for the pentamer, the isosceles trapezoid �Cs5_0 ,C2v� is
energetically favored by 0.238 eV over the trigonal bipyra-
mid �Cs5_2 , D3h�. The relative energy difference between
the tricapped triangle �Cs6_0 , D3h� and the pentagonal pyra-
mid �Cs6_1 , C5v� is, however, negligible.

Thus, in the light of relative energy differences, cesium
pentamers formed in an experiment should be mostly planar,
while the heptamers should be mostly three dimensional. For
the hexamer, without consideration of any kinetically driven
factors, an almost equal mixture of both 2D and 3D struc-
tures should be expected. For comparison, the global mini-
mum structure of Li6 in the singlet spin state is reported to be
3D in Refs. 16, 18, 22, and 23 and 2D in Ref. 19. Judging
from the dip in the trend of measured isotropic polarizabil-
ities per atom as a function of cluster size, Li6 most probably
adopts a 3D structure15 �see Fig. 3�. The sodium hexamer is
reported to be 3D in Refs. 27, 28, 30, 31, and 33–35. This
prediction is confirmed experimentally in Ref. 3, where,
compared to smaller clusters, a clear decrease in the polariz-
ability per atom is observed for the hexamer as one expects
for a more compact structure. This decrease is, however, not
obvious in Ref. 15. Potassium hexamers are also predicted to
adopt the pentagonal pyramidal �3D� structure.3,39 It should
be noted that the theoretical studies exhibit a trend in which
the relative energy difference between the tricapped triangle
�2D� and the pentagonal pyramid �3D� isomers of alkali clus-
ters diminishes with increasing nuclear charge Z. Thus, we
infer that there is a shift toward higher nuclearity in the tran-
sition from 2D to 3D down the group of the alkali clusters
and that the tricapped triangular and pentagonal pyramidal
hexamers become more and more degenerate in energy down
this group.
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FIG. 1. �Color online� Static electric-dipole polarizabilities of
the cesium atom as a function of different exchange-correlation
functionals and compared to experimental �Ref. 11� and calculated
coupled-cluster �Ref. 48� values.
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As mentioned before, a clear appointment of the energeti-
cally most stable isomer is not always possible for most of
the isomers presented here. Nevertheless, we compare our
cesium morphologies with recent theoretical studies72,73,75

and point out that in Ref. 75 apparently no vibrational analy-
sis was undertaken. We optimized three of these rather un-
usual structures together with a vibrational analysis, which
revealed that such structures �namely, Cs4a, Cs8a, and Cs8b in
Ref. 75� are not true minima. Nevertheless, we report the
same predicted global minima for the trimer, pentamer, hep-
tamer, and decamer as in Ref. 75. In Ref. 73 a combined
search for global minimum structures was undertaken utiliz-
ing a genetic algorithm and a basin hopping method. How-
ever, they report the global minimum of the alkali tetramers
and pentamers, and even those for the tetravalent lead tet-
ramer and pentamer, as a tetrahedron and a trigonal bipyra-
mid, respectively. Our geometry optimization of the Cs4 in
tetrahedral symmetry �Td� leads to distortions, due to a first-
order Jahn-Teller effect, into its geometric analogons with
C2v and Cs symmetries. Any possible 3D geometry in other
electronic states �triplet or quintet spin states� for Cs4 lie
higher in energy than our parallelogram �Cs4_0� by at least
0.2 eV. We also find that the flat Cs5_0 is more stable than the
triangular bipyramid �Cs5_2� by 0.238 eV. Note that the sin-
glet state of the octahedral Cs6 structure �Td� is not a local
minimum and that the distorted variants in the D4h point
group are less stable than the global minimum Cs6_0 isomer
by more than 0.5 eV using the Los Alamos pseudopotentials
and corresponding double zeta valence basis sets.78 We

therefore point out that the proposed icosahedral-like growth
pattern for alkali-metal clusters73 is, at least for small clus-
ters, incorrect at the DFT level. Although key isomers such
as the Cs13_4 �icosahedron�, Cs19_1 �double icosahedron�, and
Cs20_0 �capped double icosahedron� are found to be energeti-
cally low-lying isomers in this work, there are, however,
asymmetric isomers that have almost the same energetic sta-
bility as these highly symmetrical structures. For instance,
the asymmetric Cs13_0 is more stable than the icosahedron
Cs13_4 by 0.112 eV. Note that the tetrahedral Cs20 cluster
�structure Cs20_4 in Fig. 2� is only a local minimum, 0.28 eV
above the global minimum in contrast to Au20.

90 These re-
sults clearly demonstrate that the many-body potential used
in Ref. 73 favors compact structures, similar to Lennard-
Jones potentials, for small clusters and does not represent the
best approach for the search of global minimum structures
for metal clusters. In a recent study, it was found that for
metallic or covalent interactions in small clusters, empirical
potentials such as the Gupta potential fail to describe the
cluster’s geometry accurately as opposed to first-principles
wave-function- and density-functional-based methods.74

Since the parameters of such potentials are optimized to re-
produce certain bulk material properties, their application to
small clusters remains questionable.

B. Electronic properties

The main results in this work concerning the static re-
sponse properties in conjunction with selected electronic
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FIG. 2. �Color online� Pre-
dicted global minimum and
lowest-energy isomers of Cs2–20
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structure properties of small cesium clusters are collected in
Table II. Structural properties and vertical ionization poten-
tials and vertical detachment energies are displayed in Table
I.

As expected, the mean �isotropic� polarizability per atom
of a clusters as a function of size approaches the bulk limit
from above, which is also the case for measured and calcu-
lated lithium and sodium polarizabilities �see Fig. 3�. This
stems from the stabilizing bonding orbitals for even clusters
which form the conduction band in the solid.91 While the
deviation from the classical bulk limit92 of Cs20 is about 26%
that of Li20 and Na20 are about 42 and 40%, respectively.
Hence, cesium clusters approach their bulk polarizability
value faster than the corresponding lithium and sodium clus-
ters. The atomic polarizability of cesium �58.85 Å3� is far

greater than those of lithium �24.4 Å3�,16 sodium
�24.12 Å3�,26 potassium �43.51 Å3�,49 and rubidium
�47.41 Å3�.49 This is qualitatively attributed to the stronger
screening of the valence s electrons down the group and to
relativistic effects that are not yet large enough to change this
trend. As in the case of lithium and sodium clusters, there is
a marked decrease in polarizability from the cesium atom to
its dimer. The two energetically lowest-lying isomers of tri-
meric cesium �Cs3_0 and Cs3_1� show higher polarizabilities
than the cesium atom. Cs3_2 is more compact than the afore-
mentioned isomers, less polarizable, and hence confirms the
strong geometrical dependency of the polarizability. The
transition from 2D to 3D structures in cesium results also in
a significant decrease in polarizabilities �compare values for
�2D� Cs6_0 and �3D� Cs6_1�. This transition is not that evident

TABLE I. Nearest-neighbor distances d, relative energies �E, vertical ionization potentials �VIP�, vertical electron affinities �VEA�, and
cohesive energies Ecoh �dissociation energies per atom, not corrected for zero-point vibration� of the lowest-energy Csn cluster isomers
2�n�20. The notation for the different structures is shown in Fig. 2. The BP86 functional was used throughout.

Cluster
d

�Å�
�E

�eV�
VIP
�eV�

VEA
�eV�

Ecoh

�eV /n� Cluster
d

�Å�
�E

�eV�
VIP
�eV�

VEA
�eV�

Ecoh

�eV /n�

1_0 4.053 0.576 12_4 0.142 2.945 1.085 0.352

2_0 4.695 3.855 0.602 0.198 13_0 5.137 0.000 2.901 1.119 0.367

3_0 4.925 0.000 3.505 0.987 0.192 13_1 0.024 2.914 1.112 0.365

3_1 0.006 3.375 0.809 0.190 13_2 0.058 2.940 1.120 0.362

4_0 5.853 0.000 3.296 0.811 0.234 13_3 0.061 2.980 1.153 0.362

4_1 0.050 3.402 1.034 0.221 13_4 0.122 0.357

5_0 5.080 0.000 3.264 0.983 0.263 14_0 5.131 0.000 2.985 1.004 0.374

5_1 0.209 3.251 1.240 0.222 14_1 0.010 2.947 0.997 0.373

5_2 0.238 3.252 0.807 0.216 14_2 0.030 2.954 1.009 0.372

6_0 5.075 0.000 3.383 0.837 0.299 14_3 0.064 2.919 1.046 0.369

6_1 0.002 3.347 0.844 0.299 14_4 0.095 2.935 1.059 0.367

6_2 0.400 3.182 1.279 0.232 15_0 5.121 0.000 2.929 1.125 0.380

7_0 5.197 0.000 3.236 0.910 0.330 15_1 0.092 2.900 1.131 0.374

7_1 0.096 3.209 0.911 0.317 15_2 0.099 2.922 1.161 0.373

7_2 0.305 3.077 1.039 0.287 15_3 0.163 2.954 1.179 0.369

8_0 5.072 0.000 3.281 0.783 0.353 16_0 5.007 0.000 2.941 1.177 0.386

8_1 0.075 3.196 0.837 0.344 16_1 0.035 2.906 1.173 0.384

8_2 0.089 3.291 0.781 0.342 16_2 0.046 2.956 1.184 0.383

8_3 0.096 3.211 0.861 0.341 16_3 0.103 2.962 1.113 0.380

8_4 0.471 3.047 1.060 0.294 17_0 5.205 0.000 3.064 1.291 0.396

9_0 5.110 0.000 3.077 1.023 0.343 17_1 0.020 2.953 1.195 0.395

9_1 0.010 2.908 0.918 0.342 18_0 5.107 0.000 3.003 1.161 0.403

9_2 0.019 2.913 0.901 0.341 18_1 0.017 3.004 1.188 0.402

10_0 5.151 0.000 2.995 0.954 0.349 19_0 5.183 0.000 2.935 1.252 0.405

10_1 0.001 2.979 0.924 0.349 19_1 0.035 2.834 1.170 0.403

11_0 5.149 0.000 2.993 1.102 0.356 19_2 0.046 2.970 1.316 0.403

11_1 0.030 2.967 1.071 0.353 19_3 0.053 2.920 1.251 0.402

11_2 0.035 2.976 1.055 0.353 20_0 5.022 0.000 2.801 1.162 0.408

12_0 5.124 0.000 2.995 1.056 0.364 20_1 0.004 2.962 1.070 0.408

12_1 0.039 3.032 1.016 0.361 20_2 0.140 2.893 1.077 0.401

12_2 0.072 3.022 0.995 0.358 20_3 0.217 2.871 1.117 0.397

12_3 0.099 3.057 1.001 0.356 20_4 0.275 2.994 1.095 0.394
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in the measured data for sodium in Ref. 15 but is significant
in the early work of Knight et al.3 and occurs for lithium
at cluster size 6.15 Interestingly, the energetically lowest-
lying isomers �Csn_0� also exhibit in most cases the smallest
isotropic polarizabilities per atom.

The solid curve in Fig. 3 corresponds to the polarizability
calculated for a finite metallic sphere according to the jellium
model in the spillout approximation fitted to our Csn_0 data
and agrees nicely for the heavier clusters with the calculated
values. From this fit, the spillout of the electrons from the
surface of the metallic sphere adds to 0.96 Å and a Wigner-
Seitz radius of 3.07 Å is obtained. This agrees very nicely
with the Wigner-Seitz radius �rWS� derived from crystallo-
graphic data of bcc Cs as follows:

rWS =�3 3

4�N
a = 3.02 Å = �3 �iso. �1�

Here, a denotes the lattice constant, N the number of atoms
in bcc cesium, and �iso the isotropic polarizability defined as
the average of the trace of the polarizability tensor,

�iso = Tr���/3. �2�

For lithium and sodium clusters it is also found that the
jellium picture nicely describes the evolution of the polariz-
ability per atom with increasing cluster size �Li: rWS
=1.75 Å and the spillout parameter �=0.75 Å; Na: rWS
=2.12 Å and �=0.69 Å�.16 Despite the fact that the jellium
model in the spillout approximation predicts on average the
trend of the polarizability per atom as a function of the clus-
ter size, it can of course not account for the more interesting
quantum effects.

The anisotropy per atom ��aniso� is obtained from the di-
agonal form of the polarizability tensor,

�aniso = �1

2
�3 Tr��2� − �Tr ��2��1/2

= �1

2
���xx − �yy�2 + ��xx − �zz�2 + ��yy − �zz�2��1/2

,

�3�

and is given in Table II. �aniso increases rapidly from mono-
meric to trimeric cesium and then decreases toward Cs8. It is
worthy to mention the difference in anisotropies for the Cs3
isomers, where the linear structure �Cs3_0� shows an aniso-
tropy that is almost twice as large as that of the isosceles
triangle �Cs3_1�. The transition to 3D structures �Cs6-Cs7� is
followed by a significant decrease in �aniso. The anisotropy is
per definition strongly dependent on the geometric structures
of the respective isomers and approaches zero for spherically
shaped isomers. The general decreasing trend in �aniso for
clusters 10�n�20 also underlines the fact that their evolu-
tion tends toward more compact and spherically shaped clus-
ters.

As depicted in Fig. 4, the VIPs decrease and the VEAs
increase toward the work function �Wf� of bulk cesium, and
the evolution of both properties with respect to n−1/3 can be
approximated satisfyingly by linear regressions according to
G�n�=1.93+A0n−1/3. Here, G�n� denotes the VIPs and VEAs
as functions of cluster size and 1.93 eV is the work function
Wf.

93 It should be noted that the BP86 functional is not the
best functional to calculate atomic ionization potentials and
electron affinities for metals. We find that BP86 overesti-
mates the experimental atomic ionization potential for ce-
sium �3.894 eV� �Ref. 94� by around 4% and its electron
affinity �0.472 eV� �Refs. 60 and 67� by around 22%. These
deviations are much smaller for the PBE0, B3PW91, and
MPW1PW91 functionals. However, the choice of the BP86
functional was not founded on the reproduction of the atomic
experimental ionization potential or electron affinity, but on
the accurate reproduction of the atomic polarizability. More-
over, the interpretation of photoionization spectra as well as
photoelectron spectra of clusters is far from straightforward
due to uncertainties in the temperatures of the clusters,
Franck-Condon factors, isomerization, and fragmentation
processes.64 Our calculated VIPs are, after scaling, in good
agreement with the available experimental data �experimen-
tal references for Cs1,94 Cs2,57 and Cs9–15 �Ref. 65��.

We observe a clear even-odd oscillation for the VEAs,
where the closed-shell clusters show smaller electron affini-
ties due to the electron pairing effect. The calculated VEAs
of Cs2 and Cs3 are in good agreement with experimental
photoabsorption spectra data obtained for Cs2

− �0.511 eV� and
Cs3

− �0.987 eV�.61 Experimental photoabsorption spectra for
Cs4 to Cs9 were measured by Martin and co-workers.62 How-
ever, the emphasis of that work was put on the spectral re-
gion 1.3–1.7 eV and, hence, no conclusion can be drawn
upon the first electron affinities.

The so-called disproportionation energy �second differ-
ence in cluster energy� defined as

�2En�n� = En+1 − 2En + En−1, �4�

where En is the calculated total electronic energy of the clus-
ter with n atoms, is displayed in Fig. 5. �2En represents the
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FIG. 3. �Color online� Isotropic static electric-dipole polarizabil-
ities per atom of Csn clusters as a function of cluster size compared
to the classical bulk value bcc Cs. The solid black curve represents
the prediction for the classical metallic sphere. The measured po-
larizabilities of Lin �extracted from Refs. 15 and 16� and Nan �ex-
tracted from Refs. 15 and 26� clusters are also shown and compared
to their classical bulk bcc polarizabilities.
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relative stability of a cluster with n atoms in comparison to
clusters with n+1 and n−1 atoms, and consequently a peak
in �2En indicates that the cluster with size n is very stable,
i.e., a magic cluster. With the exception of Cs6 and Cs16, a
clear odd-even oscillation is present in the disproportionation
energy, where due to the electron pairing effect, even-sized
clusters are more stable than odd ones. While the deviant
behavior of Cs6 from the odd-even oscillation is due to the
transition from 2D to 3D structures, the low stability of Cs16
with respect to its neighbors is peculiar. Perhaps there exists
a more stable isomer which we did not find. The dispropor-
tionation energy shows that clusters with n=2, 8, 12, and 18
have particularly stable configurations. The driving force be-
hind the stability of Cs2, Cs8, and Cs18 is electronic shell
closure described by the jellium model.1

The electron pairing effect also explains the oscillatory
trend in the highest occupied molecular orbital �HOMO�-
lowest unoccupied molecular orbital �LUMO� gaps ��	�,
which is depicted in Fig. 6. Odd- �even-� sized clusters have
an odd �even� number of 6s valence electrons, and the
HOMO is singly �doubly� occupied. The binding energy of a
valence electron in a cluster of even size is therefore larger
than that of an odd one, thus exhibiting a larger gap. Com-
parison between Figs. 5 and 6 reveals a resemblance between
cluster stability and HOMO-LUMO gaps. Clusters that show
higher stability �n=2,8 ,12,18� also exhibit large HOMO-
LUMO gaps. Cs6 is an exception to that, exhibiting a large
gap, but no peak in the second difference in cluster energy.
This missing peak is due to the transition from planar to
three-dimensional structures. HOMO-LUMO gaps are most

TABLE II. Calculated static response and electronic structure properties of low-spin DFT-optimized Csn clusters. The second difference
in cluster energy is denoted by �2En and �	 stands for the HOMO-LUMO gap. The mean static polarizability per atom �iso and the
polarizability anisotropy �aniso per atom were calculated analytically. The absolute value of the dipole moment is denoted by 
. The notation
/n implies that the value is given per atom. The BP86 functional was used throughout.

Cluster
�2En

�eV�
�	

�eV�
�iso

�Å3 /n�
�aniso

�Å3 /n�



�D� Cluster
�2En

�eV�
�	

�eV�
�iso

�Å3 /n�
�aniso

�Å3 /n�



�D�

1_0 0.469 58.85 0.0 0.0 12_4 0.210 41.87 15.63 0.507

2_0 0.214 0.760 51.00 38.85 0.0 13_0 −0.074 0.186 43.41 22.61 0.191

3_0 −0.178 0.314 65.01 84.73 0.0 13_1 0.206 44.26 28.90 0.281

3_1 0.337 56.53 46.15 0.120 13_2 0.214 44.20 28.29 0.544

4_0 −0.022 0.464 55.241 56.94 0.0 13_3 0.197 42.35 20.58 0.192

4_1 0.442 71.47 114.1 0.0 13_4 0.229 38.21 0.20 0.0

5_0 −0.097 0.291 52.99 44.89 0.033 14_0 0.008 0.416 41.96 19.95 0.161

5_1 0.494 89.91 170.4 0.0 14_1 0.390 41.28 18.78 0.126

5_2 0.346 49.09 8.73 0.0 14_2 0.383 43.44 22.59 0.887

6_0 −0.042 0.716 52.64 38.60 0.0 14_3 0.288 40.66 21.17 0.605

6_1 0.585 47.95 29.77 0.056 14_4 0.337 43.69 21.66 0.523

6_2 0.314 98.24 199.5 0.0 15_0 −0.015 0.206 38.77 11.56 0.312

7_0 0.007 0.340 42.29 14.98 0.0 15_1 0.213 42.21 20.16 0.418

7_1 0.325 44.84 15.00 0.0 15_2 0.207 43.11 20.99 0.259

7_2 0.266 57.30 52.92 0.226 15_3 0.213 42.88 17.86 0.862

8_0 0.251 0.633 41.83 12.67 0.0 16_0 −0.075 0.195 38.18 11.37 0.423

8_1 0.518 42.36 12.76 0.119 16_1 0.195 41.41 17.30 0.193

8_2 0.713 44.83 0.0 0.119 16_2 0.224 40.19 12.57 0.157

8_3 0.522 42.92 13.21 0.479 16_3 0.224 43.28 18.76 0.638

8_4 0.356 57.96 47.70 0.0 17_0 0.025 0.207 36.10 6.73 0.0

9_0 −0.144 0.250 43.94 24.90 0.210 17_1 0.207 39.56 13.66 0.281

9_1 0.219 42.69 16.11 0.417 18_0 0.089 0.327 37.24 8.27 0.444

9_2 0.236 43.07 16.22 0.799 18_1 0.296 36.91 5.95 0.250

10_0 −0.013 0.323 46.74 31.57 0.0 19_0 −0.029 0.210 37.91 5.28 0.227

10_1 0.347 43.13 24.06 0.235 19_1 0.173 41.82 1.34 0.018

11_0 −0.036 0.210 43.51 28.27 0.332 19_2 0.164 39.02 5.96 0.0

11_1 0.220 44.11 28.44 0.239 19_3 0.204 39.17 7.45 0.607

11_2 0.225 42.75 25.62 0.849 20_0 0.167 37.39 7.19 0.178

12_0 0.059 0.312 43.66 26.75 0.423 20_1 0.473 39.73 1.28 0.436

12_1 0.423 46.63 29.96 0.031 20_2 0.420 42.31 3.64 0.260

12_2 0.419 43.50 23.50 0.382 20_3 0.473 42.82 5.81 0.949

12_3 0.442 45.01 31.47 0.0 20_4 0.533 45.04 0.0 0.0

FROM CLUSTERS TO THE SOLID STATE: GLOBAL… PHYSICAL REVIEW B 78, 245423 �2008�

245423-7



important for the discussion of the onset of metallic behavior
at certain cluster sizes. While the clusters investigated here
are still too small for a detailed analysis, an extrapolation of
only the odd-sized �open-shell�-type clusters suggests an on-
set at around Cs40, but this value has to be taken with care,
e.g., compare the discussion about the onset of metallicity
for mercury clusters.95,96

No obvious relation between HOMO-LUMO gaps and di-
pole moments can be found. For most of the germanium
clusters �n=11–25�, a close relation between these two prop-
erties was found, where a large HOMO-LUMO gap corre-
sponds to a large dipole moment.97 Our calculated dipole
moments are listed in Table II. There is also no stringent
relationship between dipole moments and the isotropic polar-
izability or its anisotropy. In general, clusters with near-
spherical structures have smaller dipole moments compared
to those exhibiting distorted prolate or oblate structures.

Nearest-neighbor distances, which as opposed to average
bond distances exclude surface effects, of the energetically
most stable isomers are listed in Table I. Abrupt increases are
obtained for transitions from one dimensional �1D� to 2D

and from 2D to 3D. Our calculated cesium dimer bond
length �4.695 Å� agrees nicely with the experimental value
�4.65 Å�,56,58 and in general, the nearest-neighbor distances
approach the experimental value for the shortest equilibrium
interatomic distance in bulk bcc cesium �5.318 Å� from be-
low.

The cohesive energies, defined as Ecoh= �nE�Cs1�
−E�Csn�� /n, where E�Cs1� denotes the calculated total elec-
tronic energy of the cesium atom, are reported in Table I and
in Fig. 7, where the cohesive energy as a function of inverse
cluster size �n−1/3� is extrapolated toward its bulk value. Due
to the small relative energy differences between the respec-
tive isomers, the cohesive energy is relatively independent of
the isomeric structure. We obtain for the most stable isomers
an approximately linear increase in Ecoh from Cs3 to Cs8,
followed by a decrease toward Cs9, and a further linear in-
crease, with a considerably smaller slope, for Cs9-Cs20. The
onset of this change is considerable, correlates strongly with
the HOMO-LUMO gaps, and indicates the start toward me-
tallicity. The cohesive energy of Cs20 is 0.408 eV, which is
about 50% of its experimental bulk value �0.83 eV�.98 We
should also mention that our calculated cohesive energies for
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the clusters are about 30% larger than those published by
Maity and co-workers75 but with similar trends. In compari-
son, the cohesive energy of Na20 is about 55% smaller than
the experimental cohesive energy of bulk sodium �1.13 eV
�Ref. 99��.33

Considering the fact that Cs20 is far away from the bulk
limit, the linear extrapolations in Fig. 7 yield bulk cohesive
energies that deviate by only 25% from the experimental
value for bulk cesium. It should be noted, however, that dif-
ferent DFT functionals will characterize the binding situa-
tions differently and can therefore result in quite different
cohesive energies. For Li10, for instance, the local-density
approximation yields a cohesive energy of 1.38 eV and the
gradient corrected approaches �BP86� a value of 1.18 eV.23

Chermette and co-workers22 also, utilizing the BP86 func-
tional, report the cohesive energy of Li10 to be 0.84 eV and
that of the biggest cluster they investigated, Li13, to be 0.88
eV. They also report cohesive energies for various DFT func-
tionals. The experimental cohesive energy of bulk Li is re-
ported to be 1.65 eV.98 The observed cohesive energy of bulk
cesium �0.83 eV� �Ref. 98� is confirmed by Averill’s calcu-
lations based on the statistical �X�� exchange-correlation
approximation99 and our calculations, as presented in Table
III. For the PBE and PW91 functionals, we find excellent
agreement between theory and experiment for the lattice con-
stant and good agreement for the bulk modulus, whereas the
local-density approximation slightly overbinds, which also
results in an overestimated bulk modulus.100

Finally, we estimate the zero-point vibrational energy for
bulk cesium. From the Debye model we obtain the well-
known relation between the Debye temperature �D and the
zero-point vibrational energy EZPVE,101

EZPVE =
9

8
kB�D. �5�

From the estimated Debye temperature of 38 K for
cesium102,103 we obtain a zero-point vibrational energy of
0.004 eV. By means of extrapolation from our zero-point
vibrational values for our clusters, we find in accordance
with the Debye model a rather small zero-point vibrational
energy per atom of 0.006 eV.

IV. CONCLUSION

We are confident that our density-based systematic search
for the global minimum structures of cesium clusters up to
20 atoms resulted in the most stable isomers published so far.
The transition from two- to three-dimensional structures is
ambiguous since the tricapped triangular and pentagonal py-
ramidal hexamer isomers exhibit almost identical total elec-
tronic energies. Comparing this finding with other work on
alkali-metal clusters lets us infer that there is a slight shift
toward higher nuclearity in the transition from two- to three-
dimensional structures down the group of alkali clusters. A
proposed icosahedral-like growth pattern is shown to be in-
correct for the cluster size regime discussed here. Both, the
observed and calculated static electric-dipole polarizabilities
of atomic cesium are excellently described by the BP86
functional. The evolution of the polarizability per atom with
increasing cluster size is nicely described by the jellium
model and it is found that, in general, the most stable isomers
also exhibit the lowest polarizability. From its anisotropy it is
inferred that the clusters adopt more compact and spherical
shapes as the cluster size increases. We obtain good agree-
ment between observed and calculated ionization potentials
and electron affinities and report an odd-even behavior for
the vertical electron affinities and HOMO-LUMO gaps as a
function of cluster size. The onset of metallic character,
based on diminishing HOMO-LUMO gaps, is suggested to
be around Cs40. We find two linear intervals for the evolution
of the cohesive energy of the clusters and obtain a bulk co-
hesive energy from extrapolation that agrees nicely with ob-
served and calculated bulk cohesive energies.
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